Abstract. The transition amplitude for electron-positron annihilation during positron-hydrogen scattering is formulated in terms of the half-shell T -matrix elements obtained from a solution of the momentum space Lippmann-Schwinger equation. The derived expression is well defined at energies below the positronium (Ps) formation threshold. However, singularities in the transition amplitude exist at energies above the Ps-formation threshold. The annihilation parameter for positron-hydrogen scattering is computed in a variety of models at energies below the Ps-formation threshold. Calculations with the largest basis reproduce previous variational calculations of Z J eff for the J = 0 and 1 partial waves. Accurate values of Z J eff were also given for the J = 2, 3 and 4 partial waves to give a summed Z eff that is probably the most accurate so far reported.
Introduction
Whenever a positron collides with an atom there is always some possibility that it will annihilate with one of the atomic electrons. The annihilation occurs when the electron and positron are coincident in space and the usual outcome of such a process is the emission of two γ -rays.
The number of calculations of the annihilation rate for positron-hydrogen scattering is surprisingly few for a system that is regarded as one of the fundamental three-body scattering problems in atomic physics. While there have been dozens of positron-hydrogen scattering calculations , there have been only a few calculations of the annihilation cross section [29] [30] [31] [32] [33] [34] . This is probably due to the extra level of complexity associated with the annihilation rate calculation. All of these annihilation calculations have taken place within the confines of first order perturbation theory. One first solves the Schrödinger (or LippmannSchwinger) equation for positron-hydrogen scattering in the absence of any annihilation events. The annihilation rate is then calculated using the resultant wavefunction. The justification for this procedure lies in the fact that the annihilation cross section is many orders of magnitude smaller than the elastic scattering cross section.
There have also been calculations of the positron annihilation cross section with atomic helium as the target [35] [36] [37] . The most recent variational calculation by van Reeth and Humberston is in good agreement with the measured annihilation cross section [37] .
In the present paper the momentum space Lippmann-Schwinger equations for positronhydrogen scattering are solved and the half-shell T -matrix is used to compute the annihilation cross section. Agreement with earlier variational calculations is achieved for the J = 0 and 1 partial waves. The advantage of the present close-coupling approach over previous variational approaches is that the present calculations can be extended to include many partial waves. Van Reeth and Humberston have computed the positron-hydrogen annihilation cross section recently [33] , but previous calculations by Humberston and co-workers of the J = 2 phase shifts [17, 38] and partial cross sections do not seem to have the accuracy of their J = 0 and 1 cross sections [24, 38] . The most accurate calculations of the low-energy cross sections for all partial waves would appear to be the T -matrix calculations of Mitroy and collaborators [24] and the variational calculations of Gien and collaborators [27] . These calculations agree with the most accurate of earlier calculations for J = 0 and 1 partial waves, generally agree with each other at the 1% level for almost all energies and partial waves, and show evidence of convergence as the calculations are increased in size.
One of the purposes of the present calculation was to provide a set of benchmark annihilation cross sections for the positron-hydrogen system. The recent variational calculation of van Reeth and Humberston [33] did not provide results in tabular form and only summed contributions from the J = 0, 1 and 2 partial waves. The truncation of the partial wave sum could lead to an underestimation in the annihilation cross section at energies close to the positronium (Ps) formation threshold. The present calculation was designed to give annihilation parameters comparable in accuracy to the best variational calculations for J = 0 and 1 partial waves, while eliminating any possible problems associated with the truncation of the partial wave sum.
Besides obtaining high precision annihilation cross sections, results are reported for a series of successively larger close-coupling expansions. While close to exact solutions of the Schrödinger equation are possible for the positron-hydrogen system, this is generally not the case for other more complicated systems. Therefore some investigation of the accuracy of the various approximate calculations will provide insight into which dynamical effects are important for an accurate calculation of the annihilation parameter.
General formalism
The formalism presented in this section follows that used by Mitroy [20] . The scattering wavefunction for the positron-hydrogen system (r 0 , r 1 ) is written as a close-coupling expansion over the set of hydrogen α (r 1 ) and Ps β (ρ) states
Here ρ and R are the relative and centre-of-mass Ps coordinates
The one-body wavefunctions have the form
and are normalized stationary states that in general satisfy
The one-body wavefunctions can be written in momentum space form as
The close-coupling equations can be written in terms of a set of coupled Lippmann-Schwinger equations in momentum space which can be solved to give the T -matrix [20] . Our concern is to use the solutions of the Lippmann-Schwinger equation to generate the wavefunction since the scattering wavefunction is needed to calculate the annihilation rate. Formally, one can write the well known integral relations
where G 0 is the Green function, V is the interaction and φ k is the free-motion wavefunction.
In the present situation where positron-hydrogen and Ps-proton channels exist, the scattering wavefunction for a positron with momentum k incident on a hydrogen atom in initial state | α is
The subscripts α and α are used to denote the positron-hydrogen channels and β and β are used to denote the Ps channels. The plane wavefunctions in each channel have the form |k = 1 (2π) 3/2 exp(−ik · r). The transition amplitude between the initial state (the positron-hydrogen scattering function) and the final state (two γ -rays with total momentum q) is
The operatorÔ s i is a spin projection operator that only permits annihilation to occur between singlet states. In the positron-hydrogen system one-quarter of scattering events will occur in the singlet spin channel. The effects of the spin projection can be implicitly taken into account by defining W α (q, k) to be the same as W α (q, k) but with the spin projector missing and including factors of 4, as appropriate, to include the effects of spin-averaging. The differential annihilation cross section can then be defined as
where c is the speed of light, r 2 0 is the classical electron radius and v is the collision speed. The total annihilation cross section can be determined by integrating the differential annihilation cross section over d 3 q to give
For historical reasons it is customary to present annihilation cross sections in terms of an annihilation parameter Z eff (k). It is first convenient to define the q-dependent annihilation parameter Z eff (q, k) as
Then Z eff can be defined
Applying equation (7) to equation (8) gives
which simplifies to
where E αα = ε α − ε α , and k α = k 2 − 2E αα and k β = 2k 2 − 4E αβ are the on-shell momenta for channels α and β . This expression for W α (q, k) has a simple pole and a δ-function singularity at q = k β once the excitation threshold of the lowest Ps-formation channel is reached. Therefore extension of the theory to incident energies above the Psformation threshold remains problematical. Problems in computing the annihilation cross section above the Ps-formation threshold have also been noted in variational calculations [33] . The source of the problem lies in the use of time-independent scattering theory to describe the collision. Once the Ps-formation threshold is passed, Ps will be formed and therefore part of the wavefunction will describe a Ps atom leaving the interaction region. The Ps atom will always annihilate once it is formed and this feature leads to the divergent terms in the transition amplitude.
It is instructive to examine the behaviour of Z eff (k) as the energy approaches the first Ps-formation threshold from below. In these circumstances,
where 1s represents the Ps(1s) ground state and 0.25 Hartree is the excitation energy for Ps formation. The annihilation profile is proportional to the size of the off-shell T -matrix element multiplied by an energy denominator. The annihilation profile at zero recoil momenta will get increasingly larger as threshold is approached. While the function W α (q, k) given by equation (14) can be computed and integrated numerically over d 3 q to give the total annihilation cross section, the integration over d 3 q can also be done implicitly and an expression for
The annihilation rate is proportional to the expectation value of the δ-function between the electron and positron.
Partial wave analysis of W α (q, k)
The partial wave expansion of the T -matrix elements is defined as [39] 
where the spherically independent part of the T -matrix is defined as
It is easy to see these two definitions are compatible by simply substituting equation (18) into equation (17) . In the partial wave reductions, the fact that l α = 0 immediately leads to L = J . The formulae that follow implicitly assume that l α = 0 to avoid giving the complete (and complicated) expressions for Z eff for a non-spherical target. However, distinctions between L and J are retained in indices since this has heuristic value.
Momentum space
The annihilation amplitude can be written as a superposition of partial wave amplitudes:
where
In the above expression W
Then one can write for the momentum dependent transition amplitude
The partial wave amplitudes for the annihilation amplitude consist of three terms. These are the first Born amplitude, the amplitude due to excitation of hydrogen type states and the amplitude from scattering into Ps-type states. The amplitude can be written
Two of the amplitudes require the partial wave analysis of terms such as α (k − q). This function can be written as
wherex has been used to denote
and P λ (u) is the Legendre polynomial with u the cosine of the angle between k and q. Applying equation (24) to equation (20) for the Born amplitude gives
where the coefficients C
The expression for the Born amplitude takes a particularly simple form when the entrance channel satisfies the condition l α = 0. In this case
The hydrogenic-type amplitude can be written as
are the same as in equation (27) with a substitution of indices l α instead of l α and L instead of L. The notationT is used to denote the T -matrix element divided by the appropriate energy denominator, e.g.,
The contribution to the annihilation amplitude from the virtual excitation of a Ps-type state only gives a non-zero contribution when l β = 0. This transition amplitude becomes
When l α = 0, equation (32) only has a non-zero contribution if L = J .
Coordinate space
The annihilation amplitude can also be evaluated by performing all the necessary integrals in coordinate space. By analogy with equation (19) the total wavefunction of equation (7) can be written as
Performing the standard partial wave expansion of exp(ik · r) terms, equation (33) can be written
The coupled channels' distorted waves are defined as
The second terms in equation (37) only exist when the channel β is open and k α and k β are the on-shell momenta. The transition amplitude is
Since non-zero contributions only arise when l β , L = J immediately follows. There is a problem in evaluating the third term of equation (38) . Although the channel distorted wave u J β J αL (kr) is a square integral function at energies below its excitation threshold, none of the individual off-shell functions converge as r goes to infinity. The direct numerical evaluation of W α (q, k) using equation (38) is likely to be unreliable unless special care is taken to evaluate individual terms in the correct order. Equation (38) was not used for any calculations, rather, Z eff (k) was evaluated using equation (16) to provide an independent numerical validation of the momentum space evaluation of the annihilation parameter.
Direct evaluation of Z eff .
When the dependence of Z eff (k) on the recoil momentum is not needed it is simplest to use equation (16) . The δ-function in equation (16) means that r 1 can be set equal to r 0 and the scattering wavefunction can be written as
The function J αL (k, r) can be written as
whereC
Then Z eff (k) can be written as
It is not possible to substitute equation (41) directly into equation (43) and integrate the resultant expression. The Ps-channel scattering functions u J β J αJ (k, r) are defined in terms of a quadrature rule over spherical Bessel functions. Introducing these spherical Bessel functions into equation (43) will lead to problems as the products over the spherical Bessels will diverge when integrated over r. This problem was avoided by making using of the identity
to implicitly perform the integrations over r. Under these circumstances the actual working expression for the evaluation of Z eff is
and
Annihilation below the Ps-formation threshold
The annihilation parameter Z eff has been computed at energies below the annihilation cross section for a series of increasingly sophisticated calculations. All the close-coupling calculations were performed using 40-point quadrature rules to discretize the momentum space Lippmann-Schwinger equation. The annihilation parameters were computed from the halfshell T -matrix elements using equations (26) , (29) and (32) to evaluate W J αL (q, k). Calculations of Z J eff using equation (16) were done at a few select energies as an independent check of accuracy. Results of these independent calculations generally agreed at the 0.1% level.
The different calculations are denoted using the notation adopted by Mitroy and collaborators in previous works [20, 21] . The different close-coupling calculations are labelled by CC(m, n) where m is the number of hydrogen states (or pseudo-states) included in the close-coupling expansion while n specifies the number of Ps states. Phase shifts and cross sections for all of these different models have been reported previously and will not be repeated here.
These calculations were:
PWBA. This basis includes the H(1s) level. The value of Z eff in this model is exactly one. CC(1, 0). This basis includes the H(1s) level. This model entails the positron scattering from the static charge distribution of the hydrogen ground state. CC(1, 1). This basis includes the H(1s) and Ps(1s) levels. This is sometimes called the coupled static model and is the simplest possible model to explicitly include Ps formation. CC(3, 0). This basis includes the H(1s), H(2s) and H(2p) levels. This model allows for the polarization of the target during the scattering process. CC (3, 3) . This basis includes the physical H(1s), H(2s), H(2p) and Ps(1s), Ps(2s) and Ps(2p) levels. This is the simplest 'realistic' model of positron-hydrogen scattering since it allows for polarization of the target, Ps formation and polarization of the Ps. a Includes J = 0 and 1 partial waves only [30] . b Digitized from figure 2 of [33] .
between the positron and the hydrogen ground state is repulsive. The repulsive potential reduces the probability of the positron penetrating into the atomic interior thereby reducing the annihilation coefficient.
The CC(3, 0) model shares the same defects as the PWBA and CC(1, 0) models and generally underestimates Z J eff . The CC(3, 0) model does allow for polarization of the target and therefore the effective potential acting on the positron does have an attractive component. The attractive nature of the polarization potential manifests itself most obviously for the higher partial waves where the CC (3, 0) gives larger values of Z J eff than the PWBA. However, the higher partial wave annihilation coefficients are still an order of magnitude too small. The immediate conclusion that one would draw from the CC(3, 0) result is that inclusion of channels representing just dipole excitations does not greatly improve the accuracy of the calculated Z eff .
The CC(1, 1) model explicitly allows for Ps formation and gives greatly improved values of Z J eff for the higher values of J . Generally the CC (1, 1) values of Z J eff agree with our most refined calculations to within a factor of 2. This calculation highlights the influence that electron-positron correlations have on annihilation rate. The addition of the Ps-formation channel results in the explicit inclusion of these effects into the scattering wavefunction and greatly improves the accuracy of the computed annihilation coefficient.
The CC (3, 3) model gives values of Z eff which are larger than the CC(1, 1) model but this model still underestimates the larger CC(6,6) and CC (13, 8) calculations by roughly a factor of 2 for all partial waves. The differences between the CC(3, 3) model with the larger calculations demonstrates that a more refined treatment of the short-range e + −e − correlations are important for an accurate description of positron annihilation. This is expected since the annihilation process is governed by a δ-function interaction.
There is an overall degree of consistency between the CC(6,6) and CC (13, 8) calculations and previous high accuracy variational calculations. The J = 0 annihilation parameters for the CC(6,6) calculation agree with those of Bhatia et al [29] to an accuracy of about 1%. The level of agreement between these two calculations for the J = 1 partial wave is not quite as good and the differences range from 2 to 5%. There is also a disagreement of similar magnitude for the Z 1 eff (k) of Humberston cited in [30] . The CC (13, 8) [30] . The J = 1 phase shifts of the CC (13, 8) calculation are slightly larger than the (unextrapolated) phase shifts of Bhatia et al [4] indicating that the CC (13, 8) wavefunction is more accurate. In addition, the CC (13, 8) Some of the features noticed in this work are also apparent in a previous calculation using many body perturbation theory (MBPT) [36] . In the MBPT calculation, annihilation rates were computed for atomic hydrogen and the rare gases at thermal energies. In this calculation, it was found that inclusion of atomic excitation only in the polarization potential increased Z eff from 0.41 to 0.94 (at k ≈ 0.05 a −1 0 ). Diagrams representing excitations into Ps-type levels were needed to get a Z eff of 3.9. Although the MBPT calculation demonstrated the importance of virtual Ps excitations, this approach was only able to achieve an accuracy of 50% in the Z eff calculation for hydrogen.
Comment on the model of Laricchia and Wilkin
Recently, Laricchia and Wilkin [40] have advanced a semiclassical theory of positron annihilation in binary collisions with gases. They postulated that the very large values of Z eff observed for organic molecules [41, 42] were caused by the formation of a virtual Ps cluster during the collision. They suggested that the time this Ps cluster would remain in the vicinity of the atom or molecule would increase as the incident positron energy approached the Ps threshold.
They also made certain assumptions regarding the pick-off annihilation rate between the positron in the cluster and the spectator electrons (i.e. those electrons not in the cluster). These assumptions lead to pick-off annihilation rates that are two to three orders of magnitude larger than those that have been observed or calculated for any physical system [43] [44] [45] [46] . The lack of any supporting evidence for these anomalously large annihilation rates has resulted in severe criticisms of their model [43] .
In this section, another aspect of their model, namely the prediction that the collision time would increase as the incident positron energy approached the Ps-threshold, is scrutinized. Since hydrogen only has one valence electron certain aspects of the model of Laricchia and Wilkin can be examined in isolation of any complications from pick-off annihilation. According to the Laricchia-Wilkin (LW) model, the annihilation rate for positron-hydrogen collisions should be
where r 0 is the classical electron radius, c is the speed of light, v is the incident positron velocity, is the direct annihilation rate and N e is the number of electrons. This equation is actually a modified version of equation (8) from [40] since it was deemed sensible to replace one occurrence of N e by N e − 1 so there was no contribution from pick-off annihilation.
The first curious aspect about this equation was the fact that t can easily exceed t c ; for example, the LW model gives t c = 3 × 10 −17 s while t = 2 × 10 −15 s at an incident positron energy of 6.5 eV.
In table 4 Z eff (k) values from explicit calculations are compared with the LW model. The values of van Reeth and Humberston were extracted by digitizing figure 1 of [33] . The most prominent feature of the LW model is the tendency for Z eff (k) to diverge to infinity as the Ps threshold is approached. This feature is present in the variational calculation and as expected in the CC (13, 8) model calculation (this feature should be present in all models that explicitly include the Ps channel).
However, the LW model predicts that Z eff (k) should start to increase at energies much further away from the Ps threshold than indicated by the explicit calculation. This is evident in figure 1 and in table 4. At an energy of 0.001 Hartree below threshold the LW model prediction is about 100 times larger than the CC (13, 8) calculation. These differences are so large that they invalidate the LW model as any sort of quantitative model of positron annihilation. The LW model could be adjusted (by altering the definition of t) to give values of Z eff (k) in closer agreement with the explicit calculations. However, if this was done then the ability of the LW model to predict very large values of Z eff (k) for organic molecules in apparently good agreement with experiment would be severely compromised.
It also must be pointed out that even the claims to a qualitative agreement with theory are of dubious validity for another more fundamental reason. While solutions of the time-independent Schrödinger equation predict an infinite Z eff (k) at energies above the Ps-formation threshold, such predictions are physically unreasonable. The fact that both the LW model and the present calculations give values of Z eff (k) that increase in an unphysical manner at the Ps-formation threshold does not provide any support for the notion that the LW model provides a reasonable description of positron annihilation experiments.
Conclusions
The transition amplitude for electron-positron annihilation during positron-hydrogen scattering has been formulated in terms of the half-shell T -matrix of the momentum space Lippmann-Schwinger equation. Two independent expressions were derived for the transition amplitude. These expressions gave numerical answers for the annihilation parameter that agreed within 1%, thereby providing a useful consistency check on the accuracy of the formulae and the reliability of the computations.
A series of calculations with increasingly larger channel spaces have served to highlight the influence that virtual Ps formation has on the annihilation parameter. The three model calculations that did not allow for Ps formation (PWBA, CC(1, 0) and CC(3, 0)) all gave values of Z eff (k) that were less than 1 while the simple coupled-static calculation gave values larger than 1. The agreement between the present CC (13, 8) calculation and previous variational calculations confirms the accuracy of these earlier calculations. When the values of Z J eff for the J = 2, 3 and 4 partial waves are combined with the J = 0, 1 contributions, the result is a Z eff (k) that is probably the most accurate so far computed.
The present calculation, like a previous calculation [33] , gave a divergent Z eff (k) as the Ps formation was approached. The obvious improvement that needs to be made to the theoretical description of positron annihilation is the development of a theory that can be applied above the Ps-formation threshold.
